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Abstract
A terrace for Zm is an arrangement (a1, a2, . . . , am) of the m elements of Zm such that the sets of differences ai+1 − ai and
ai − ai+1 (i = 1, 2, . . . , m − 1) between them contain each element of Zm\{0} exactly twice. For m odd, many procedures are
available for constructing power-sequence terraces for Zm; each terrace of this sort may be partitioned into segments one of which
contains merely the zero element of Zm, whereas each other segment is either (a) a sequence of successive powers of an element of
Zm or (b) such a sequence multiplied throughout by a constant. We now extend this idea by using power-sequences in Zn, where
n is an odd prime, to obtain terraces for Zm where m = n + 2. Our technique needs each of the n − 1 elements from Zn\{0} to
be written so as to lie in the interval (0, n) and for three further elements 0, n and n + 1 then to be introduced. A segment of one
of the new terraces may contain just a single element from the set S0 = {0, n, n + 1} or it may be of type (a) or (b) with m = n
and containing successive powers of 2, each evaluated modulo n. Also, a segment based on successive powers of 2 may be broken
in one, two or three places by putting a different element from S0 in each break. We provide Zn+2 terraces for all odd primes n
satisfying 0<n< 1000 except for n = 127, 601, 683.
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1. Basic deﬁnitions and notation
Let a=(a1, a2, . . . , am) be an arrangement of the elements ofZm, and then let b=(b1, b2, . . . , bm−1) be the ordered
sequence bi = ai+1 − ai for i = 1, 2, . . . , m − 1. The arrangement a is a terrace for Zm, with b as the corresponding
2-sequencing or quasi-sequencing for Zm, if the sequences b and −b between them contain exactly two occurrences
of each element x from Zm\{0}.
Some expositions include the zero element of Zm in b, as an extra element at the start, but we ﬁnd this practice
inconvenient and we follow various precedents by not adopting it. For convenience we often write “Zm terrace” in
place of “terrace for Zm”.
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Terraces were originally deﬁned by Bailey [11] for a general ﬁnite group G, and strong existence results for terraces
were provided by Anderson and Ihrig [1,2]. However, the general case does not concern us here. For the group Zm the
terraces
0 1 m − 1 2 m − 2 3 · · · (m − 1)/2 (m + 1)/2
for m odd, and
0 1 m − 1 2 m − 2 3 · · · (m + 2)/2 m/2
for m even, have been known and frequently rediscovered (but not as “terraces”) since the 19th century.
Terraces are used in the construction of combinatorial designs used in statistical applications involving carry-over
effects [11,3] and neighbour effects.
Translating deﬁnitions from [3,4] into the notation and terminology of the present paper, we say that, for odd m,
a terrace a for Zm, with 2-sequencing b, is a half-and-half terrace if, for each element x of Zm\{0}, each of the sets
{b1, b2, . . . , b(m−1)/2} and {b(m+1)/2, b(m+3)/2, . . . , bm−1} obtained from b contains either +x or −x exactly once. We
then say that a half-and-half terrace for Zm is
• echoing if its 2-sequencing has bi = ±bi+(m−1)/2 for all i = 1, 2, . . . , (m − 1)/2, or
• narcissistic if its 2-sequencing has bi = bm−i for all i = 1, 2, . . . , (m − 1)/2.
Anderson and Preece [4–7] gave general constructions for “power-sequence” terraces for Zm where m is odd. Each
of these terraces can be partitioned into segments one of which contains merely the zero element of Zm, whereas each
other segment is either (a) a sequence of successive powers of an element of Zm, or (b) such a sequence multiplied
throughout by a constant. Many of the sequences x0, x1, . . . , xs−1 of distinct elements are “full-cycle” sequences such
that xs = x0, but partial cycles are used too.
Anderson and Preece [8] showed that, withm=n−1 where n is odd, there are many ways in which power-sequences
inZn can be used to arrange the elements ofZn\{0} in a sequence of distinct elements, usually in two or more segments,
which becomes a terrace for Zm when interpreted modulo m, with each element taking its value in the interval [1,m].
Contrariwise, the same authors [9] used power-sequences in Zn to obtain some terraces for Zn+1. We now extend the
main idea from [9] by using power-sequences in Zn to obtain terraces for Zn+2.
The basis of our methods of construction can best be understood if we think of the successive elements of Zn\{0},
all interpreted to lie in the interval [1, n − 1], as being the successive beads on a necklace, with the element 0 from Zn
as the clasp of the necklace, and with the sequence
. . . , n − 2, n − 1, 0, 1, 2, . . .
at the back of the neck. We then open the clasp of the necklace into two parts n and 0, to give the broken sequence
. . . , n − 2, n − 1, n 0, 1, 2, . . .
and we ﬁll the gap in the cycle of elements of Zn+2 with a strand containing an extra bead n + 1, to give the natural
sequence
. . . , n − 2, n − 1, n, n + 1, 0, 1, 2, . . .
of elements ofZn+2, all written so as to lie in the interval [0, n+1]. However, as the calculations leading to the elements
1, 2, . . . , n − 1 in our Zn+2 terraces are to be done modulo n, with each outcome interpreted so as to lie in [1, n − 1],
we must avoid confusion over the elements 0, n and n+ 1 in the Zn+2 terraces. In [9] we denoted the two split portions
of the clasp of the Zn necklace by 0n and 00, which, respectively, became n and 0 when interpreted modulo n + 1. We
now re-use this notation, with the additional entry 0n+1 for the extra bead between 0n and 00 in the cycle of elements
of Zn+2.
Writing Z∗n for Zn\{0}, another way of describing the basis of our constructions is to say that each of our terraces is
created initially as a sequence containing each element from Z∗n ∪ {00} ∪ {0n} ∪ {0n+1} exactly once. Calculations of
entries in this sequence are done modulo n, with the three subscripted zeroes held ﬁxed and all other entries evaluated
to lie in [1, n − 1]. Then the three zeroes are replaced by their respective subscripts to give the ﬁnal Zn+2 terrace.
4088 I. Anderson, D.A. Preece / Discrete Mathematics 308 (2008) 4086–4107
Each of our Zn+2 terraces consists of one or more segments, each of which is of one of the following types: (i)
a single element, which may be any one of 00, 0n or 0n+1; (ii) a sequence of distinct entries 1, 2, . . . , s where
i+1 = 2i or 2−1i for i = 1, 2, . . . , s − 1. A segment of type (ii) may be a full-cycle segment, with 2/1 = 1/s ,
or a half-cycle segment, with 2/1 = 1/2s (but 2/1 = 1/s), or a segment of irregular length.
In representations of our terraces, we replace the commas between entries by spaces and we use a fence | to separate
two segments. To aid the eye, we put a colon : at the start and end of a half-cycle segment, and a scream ! at the start
and end of a segment of irregular length.
In some of our constructions, a segment comprising a full or partial cycle of entries is broken by insetting one of the
zeroes 00, 0n and 0n+1 as an intercalate, just as, in leap years, the cycle of days . . . , February 27th, February 28th,
March 1st, . . . is broken by intercalating February 29th. In representations of terraces with one or more intercalates in
one or more of the segments, we enclose an intercalated entry in square brackets, e.g. [0n]. Consider, for example, the
half-and-half Z13 terrace
! 1 2 4 8 ! | 11 | ! 6 [0] 3 7 9 10 5 ! | 12,
for which the 2-sequencing is (1, 2, 4, 3,−5,−6, 3, 4, 2, 1,−5,−6). This terrace has four segments. The full cycle
1 2 4 8 5 10 9 7 3 6
of powers of 2, modulo 11, has been split into two unequal parts, and the direction of the second part reversed. With
n = 11, the entry 0n has been placed between the two parts, in a segment of its own; the entry 00 has been intercalated
in the second part, which is now the third segment; and 0n+1 has been put at the end in a segment of its own. This
example is obtainable from Theorem 2.1 below.
We say that, within a terrace, a fence or a left or right square bracket is a barrier.
Every narcissistic terrace that we construct forZn+2 has 0n+1 as themiddle element, and any two elements equidistant
from that middle element sum to 0 (mod n); thus, in particular, 00 and 0n are equidistant from the middle.
Each echoing terrace that we construct for Zn+2 has the element 0n+1 at one end. Otherwise, any two elements that
are (n + 1)/2 positions apart in the terrace sum to 0 (mod n). These properties are illustrated by the following echoing
terrace for Z9:
8 | 3 5 6 | 0 | 4 2 1 | 7.
This example is obtained by evaluating
0n+1 | − 22 − 21 − 20 | 00 | 22 21 20 | 0n
modulo n, with n = 7, but does not arise from any of our theorems.
We have no general construction that places the three zeros side by side in a terrace for Zn+2, but a special case with
this property is the narcissistic Z19 terrace
: 1 9 13 15 : | : 3 6 12 7 : | 17 | 18 | 0 | : 10 5 11 14 : | : 2 4 8 16 :
where the elements of the ﬁrst segment are, respectively, 20, 2−1, 2−2 and 2−3, modulo 17, and those of the second
segment are 3 · 20, 3 · 21, 3 · 22 and 3 · 23, modulo 17. The 2-sequencing for this Z19 terrace is
( 8, 4, 2, 7, 3, 6, −5, −9, 1, 1, −9, −5, 6, 3, 7, 2, 4, 8 ).
In general, we refer to the sequence of (n + 1)/2 elements that follows 0n+1 in a narcissistic terrace as the image of
the sequence preceding 0n+1. Thus, for example, for clarity and economy, we can write the above terrace for Z19 as
: 1 9 13 15 : | : 3 6 12 7 : | 17 ‖ 18 ‖ image.
Here, for further clarity, we use double fences round the middle element of the terrace. Also, we sometimes ﬁnd it
helpful to use an even more succint notation where we write merely the ﬁrst element of a segment, followed by 2→ or
2← according as successive elements in the segment are obtained by multiplying, modulo n, by 2 or 2−1, respectively.
So the Z19 terrace above can be written
: 1 2← : | : 3 2→ : | 17 ‖ 18 ‖ image.
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When such a notation is too succint to show clearly how each successive segment relates to its predecessor, we can
display the last element of each segment as well as the ﬁrst:
: 1 2← 15 : | : 3 2→ 7 : | 17 ‖ 18 ‖ image.
In a proof that a sequence a is a terrace for Zn+2, we need not distinguish between the values  and n + 2 −  for
a particular difference between two successive elements. We therefore consider the difference to be the lesser of these
two values when they are evaluated to lie in (0, n+ 2). The extra differences introduced in passing from n to n+ 2 are
given by taking  = (n + 1)/2.
2. Prime n with 2 a primitive root
Here n ≡ 3 or 5 (mod 8). We obtain constructions for all such n having 2 as a primitive root. The general proof
procedure is as follows. As the differences between consecutive powers of 2 give, modulo n, each of 1, 2, . . . , (n−1)/2
twice, we have to show that the missing differences, lost by the breaks in the power sequences, are compensated for
at the barriers; and further, that the barriers produce the extra difference (n + 1)/2 (mod n + 2) twice. We start with
n ≡ 3 (mod 8). For such n, the entry 2−2 is evaluated modulo n as (n + 1)/4, whilst its negative is evaluated as
(3n − 1)/4. Similarly 7 · 2−2 is evaluated modulo n as (3n + 7)/4.
Theorem 2.1. Let n be a prime, n ≡ 3 (mod 8), that has 2 as a primitive root. Then the following sequences, evaluated
as described in Section 1, are terraces for Zn+2:
(i) (echoing)
0n+1 | − 2−1 − 20 · · · 2−2 [00] 2−1 20 · · · − 2−2 | 0n;
(ii) (narcissistic)
0n | : −2−2 − 2−3 · · · 2−1 : | 0n+1 | : −2−1 − 20 · · · 2−2 : | 00;
(iii) (half-and-half)
! 20 21 · · · − 2−2 ! | 0n | ! 2−1 [00] 2−2 2−3 · · · − 2−1 ! | 0n+1;
(the ﬁrst segment being void for n = 3)
(iv)
0n+1 | 0n | ! 7 · 2−2 7 · 2−3 · · · 21 ! | ! 7 · 2−1 7 · 20 · · · 2−2 [00] 2−1 20 !.
Proof. (i) The sequence is
n + 1 | (n − 1)/2 n − 1 · · · (n + 1)/4 [0] (n + 1)/2 · · · (3n − 1)/4 | n.
The missing differences are (n+1)/2− (n+1)/4= (n+1)/4 (twice), while the barrier differences are (n−1)/2+1=
(n + 1)/2 (twice) and (n + 1)/4 (twice).
(ii) Here the terrace is
n | : (3n − 1)/4 · · · (n + 1)/2 : | n + 1 | : (n − 1)/2 · · · (n + 1)/4 : | 0,
and the differences are checked as in (i).
(iii) The sequence is now
! 1 · · · (3n − 1)/4 ! | n | ! (n + 1)/2 [0] (n + 1)/4 · · · (n − 1)/2 ! | n + 1.
The missing differences are (3n−1)/4− (n−1)/2= (n+1)/4, (n+1)/2− (n+1)/4= (n+1)/4 and (n+1)/2−1=
(n − 1)/2. The barrier differences are (n + 1)/4, (n − 1)/2, (n + 1)/2, (n + 1)/4 and (n − 1)/2 + 1 = (n + 1)/2.
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(iv) We must have 7 ≡ 2i (mod n) for some i where 4< i <n − 3. The sequence is
n + 1 | n | ! (3n + 7)/4 · · · 2 ! | ! (n + 7)/2 · · · (n + 1)/4 [0] (n + 1)/2 1 !.
Themissing differences are (n−7)/4, (n+1)/4 and 1. The barrier differences are 1, (n−7)/4, n+2−((n+7)/2)+2=
(n + 1)/2, (n + 1)/4 and (n + 1)/2. 
Example 2.1. The following Z13 terraces come from the respective constructions in Theorem 2.1, by taking n = 11,
for which value our construction (iv) untypically provides half-cycles in the third and fourth segments:
(i)
12 | 5 10 9 7 3 [0] 6 1 2 4 8 | 11;
(ii)
11 | : 8 4 2 1 6 : | 12 | : 5 10 9 7 3 : | 0;
(iii)
! 1 2 4 8 ! | 11 | ! 6 [0] 3 7 9 10 5 ! | 12;
(iv)
12 | 11 | : 10 5 8 4 2 : | : 9 7 3 [0] 6 1 : .
The next two theorems provide further constructions for the case n ≡ 3 (mod 8).
Theorem 2.2. Let n be a prime, n ≡ 3 (mod 8), n> 3, that has 2 as a primitive root. Then the following sequence,
evaluated as described in Section 1, is a terrace for Zn+2:
0n+1 | 00 | ! 5 · 2−2 5 · 2−3 · · · − 2−1 [0n] − 2−2 · · · 21 ! | ! 5 · 2−1 5 · 20 · · · 2−1 20 !
or
0n+1 | 00 | ! 5 · 2−2 5 · 2−3 · · · 21 ! | ! 5 · 2−1 5 · 20 · · · − 2−2 [0n] − 2−1 · · · 2−1 20 !
according as 5 comes after or before n − 1 in the power sequence 20, 21, . . . , 2n−2 (mod n).
Proof. If 5 comes after n − 1 in the power sequence 20, 21, . . . , 2n−2 (mod n), the sequence with intercalate becomes
n + 1 | 0 | ! (n + 5)/4 · · · (n − 1)/2 [n] (3n − 1)/4 · · · 2 ! | ! (n + 5)/2 · · · 1 !.
The missing differences are then (n+5)/4, (n+1)/4 and 1; the barrier differences are 1, (n+5)/2, (n+1)/2, (n+1)/4
and (n + 1)/2. If 5 comes before n − 1 in the power sequence, the proof is similar. 
Example 2.2. For n = 11, Theorem 2.2 produces the following Z13 terrace:
12 | 0 | ! 4 2 ! | ! 8 [11] 5 10 9 7 3 6 1 !.
The next theorem requires n ≡ 2 (mod 3) as well as n ≡ 3 (mod 8), so that n ≡ 11 (mod 24).
Theorem 2.3. Let n be a prime, n ≡ 11 (mod 24), that has 2 as a primitive root. Then the following sequences,
evaluated as described in Section 1, become half-and-half terraces for Zn+2 when 00 is intercalated between 2−1 and
2−2, and 0n is intercalated between −2−1 and −2−2:
(i) (echoing)
0n+1 | 3−1 · 21 3−1 · 22 · · · 3−1 · 20
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(ii) (narcissistic)
: 3−1 · 20 3−1 · 2−1 · · · − 3−1 · 21 : | 0n+1 | : 3−1 · 21 3−1 · 22 · · · − 3−1 · 20 :
Proof. (i) The sequence with intercalates is
(n + 1) | 2(n + 1)/3 · · · (3n − 1)/4 [n] (n − 1)/2 · · · (n + 1)/4 [0] (n + 1)/2 · · · (n + 1)/3
or
(n + 1) | 2(n + 1)/3 · · · (n + 1)/4 [0] (n + 1)/2 · · · (3n − 1)/4 [n] (n − 1)/2 · · · (n + 1)/3
accordingly as 3 comes after or before n− 1 in the power sequence 20, 21, . . . , 2n−2 (mod n). The missing differences
are (3n−1)/4− (n−1)/2= (n+1)/4, (n+1)/4 and (n+1)/3, while the barrier differences are (n+1)/3, (n+1)/4,
(n + 1)/2, (n + 1)/4 and (n + 1)/2.
(ii) Similar to the proof for (i). 
Example 2.3. The following Z13 terraces come from the respective constructions in Theorem 2.3, by taking n = 11:
(i)
12 | 8 [11] 5 10 9 7 3 [0] 6 1 2 4;
(ii)
: 4 2 1 6 [0] 3 : | 12 | : 8 [11] 5 10 9 7 : .
We now consider n ≡ 5 (mod 8).
Theorem 2.4. Let n be a prime, n ≡ 5 (mod 8), that has 2 as a primitive root. Then the following sequences, evaluated
as described in Section 1, are terraces for Zn+2:
(i) (narcissistic)
00 | : −2−2 − 2−3 · · · 2−1 : | 0n+1 | : −2−1 − 20 · · · 2−2 : | 0n;
(ii) (narcissistic)
: 20 21 · · · 2(n−5)/2 [00] 2(n−3)/2 : | 0n+1 | : −2(n−3)/2 [0n] − 2(n−5)/2 · · · − 20 :;
(iii) (half-and-half if 3 = 2i , modulo n, where (n − 1)/2 in − 3)
0n+1 | 2−1 20 · · · 3 · 2−2 [00] 3 · 2−1 · · · 2−2 | 0n;
(iv) (half-and-half if 3 = 2i , modulo n, where 2 i(n + 1)/2)
20 21 · · · 3 · 2−2 [00] 3 · 2−1 · · · 2−2 [0n] 2−1 | 0n+1.
Proof. (i) The sequence is
0 | : (n − 1)/4 · · · (n + 1)/2 : | n + 1 | : (n − 1)/2 · · · (3n + 1)/4 : | n,
which has missing differences (n − 1)/4 (twice) and barrier differences (n + 1)/2 (twice) and (n − 1)/4 (twice).
(ii) Similar to the proof for (i).
(iii) The sequence is
n + 1 | (n + 1)/2 · · · (n + 3)/4 [0] (n + 3)/2 · · · (3n + 1)/4 | n,
which has missing differences (n − 1)/4 and (n + 3)/4, and the barrier differences are (n + 1)/2, (n + 3)/4,
n + 2 − (n + 3)/2 = (n + 1)/2 and (n − 1)/4.
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(iv) Similar to the proof for (iii). 
Example 2.4. The following Z15 terraces come from the respective constructions in Theorem 2.4, by taking n = 13:
(i)
0 | : 3 8 4 2 1 7 : | 14 | : 6 12 11 9 5 10 : | 13;
(ii)
: 1 2 4 8 3 [0] 6 : | 14 | : 7 [13] 10 5 9 11 12 :;
(iii) (not half-and-half)
14 | 7 1 2 4 [0] 8 3 6 12 11 9 5 10 | 13;
(iv) (half-and-half)
1 2 4 [0] 8 3 6 12 11 9 5 10 [13] 7 | 14.
The next three theorems give constructions that depend on the relative positions of certain numbers in the power
sequence of 2.
Theorem 2.5. Let n be a prime, n ≡ 5 (mod 8), n> 5, that has 2 as a primitive root. Then the following sequences,
evaluated as described in Section 1, become terraces for Zn+2 when intercalates are inserted as indicated:
(i) (half-and-half if 3 = 2i where (n + 3)/2 in − 2)
20 21 · · · 2−1 | 0n+1
with 00 intercalated between −2−1 and −2−2, and 0n intercalated between −3 · 2−1 and −3 · 2−2;
(ii)
0n+1 | 0n | ! 5 · 2−2 5 · 2−3 · · · 21 ! | ! 5 · 2−1 5 · 20 · · · 20 !
with 00 intercalated between 3 · 2−1 and 3 · 2−2;
(iii)
0n+1 | 00 | ! 7 · 2−2 7 · 2−3 · · · 21 ! | ! 7 · 2−1 7 · 20 · · · 20 !
with 0n intercalated between −3 · 2−1 and −3 · 2−2.
Proof. If 3 comes before n − 1 in the power sequence 20, 21, . . . , 2n−2 (mod n), then −3 occurs in the second half of
the power sequence. The sequence in (i), with intercalates, is then
1 · · · (n − 1)/4 [0] (n − 1)/2 · · · (3n − 3)/4 [n] (n − 3)/2 · · · (n + 1)/2 | n + 1.
The missing differences are (n−1)/4, (n+3)/4 and (n−1)/2, with barrier differences (n−1)/4, (n−1)/2, (n+3)/4,
((n − 3)/2) + 2 = (n + 1)/2 and (n + 1)/2. The other proofs are similar. 
Example 2.5. The following Z15 terraces come from the respective constructions in Theorem 2.5, by taking n = 13:
(i) (not half-and-half)
1 2 4 8 3 [0] 6 12 11 9 [13] 5 10 7 | 14;
(ii)
14 | 13 | ! 11 12 6 3 8 [0] 4 2 ! | ! 9 5 10 7 1 !;
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(iii)
14 | 0 | ! 5 [13] 9 11 12 6 3 8 4 2 ! | ! 10 7 1 !.
Theorem 2.6. Let n be a prime, n> 5, that has 2 as a primitive root, with 3 appearing before 5 in the power sequence
20, 21, . . . , 2n−2 (mod n). Then the following sequence, evaluated as described in Section 1, is a terrace for Zn+2:
0n+1 |  | ! 3 · 2−2 3 · 2−3 · · · 21 ! | ! 5 · 2−1 5 · 20 · · · 20 ! | ! 3 · 2−1 3 · 20 · · · 5 · 2−2 ! | ,
where (, ) = (00, 0n) or (0n, 00) according as n ≡ ±1 (mod 4). Alternatively, 0n+1 may be moved from the start to
the end of the terrace.
Proof. If n ≡ 1 (mod 4) the sequence is
n + 1 | 0 | ! (n + 3)/4 · · · 2 ! | ! (n + 5)/2 · · · 1 ! | ! (n + 3)/2 · · · (3n + 5)/4 ! | n,
which has the missing differences (n + 3)/4, 1 and (n − 5)/4, with barrier differences 1, (n + 3)/4, (n + 1)/2 (twice)
and (n − 5)/4. The proof is similar if n ≡ 3 (mod 4). 
Example 2.6. For n = 13, Theorem 2.6 produces the following Z15 terrace:
14 | 0 | ! 4 2 ! | ! 9 5 10 7 1 ! | ! 8 3 6 12 11 ! | 13.
Theorem 2.7. Let n be a prime, n ≡ 3 (mod 4), n> 3, that has 2 as a primitive root, with 3 appearing after 5 in
the power sequence 20, 21, . . . , 2n−2 (mod n). Then the following sequence, evaluated as described in Section 1, is a
terrace for Zn+2:
! 21 22 · · · 5 · 2−2 ! | 00 | ! 3 · 2−1 3 · 20 · · · 20 ! | ! 5 · 2−1 5 · 20 · · · 3 · 2−2 ! | 0n | 0n+1.
Proof. The sequence is
! 2 · · · (n + 5)/4 ! | 0 | ! (n + 3)/2 · · · 1 ! | ! (n + 5)/2 · · · (3n + 3)/4 ! | n | n + 1.
The missing differences are (n+ 5)/4, ((3n+ 3)/4)− (n+ 3)/2= (n− 3)/4 and 1, with barrier differences (n+ 5)/4,
(n + 1)/2 (twice), (n − 3)/4 and 1. 
Example 2.7. For n = 11, Theorem 2.7 produced the following Z13 terrace:
! 2 4 ! | 0 | ! 7 3 6 1 ! | ! 8 5 10 9 ! | 11 | 12.
Theorem 2.8. Let n be a prime, n ≡ 5 or 11 (mod 24), n> 5, that has 2 as a primitive root. Then the sequence
−3−1 · 23 − 3−1 · 24 · · · − 3−1 · 22,
evaluated as described in Section 1, becomes a half-and-half terrace forZn+2 when intercalates are inserted as follows:
(i) n ≡ 5 (mod 24): 00 following 3 · 2−2, and 0n following −3 · 2−2, with 0n+1 following 3−1;
(ii) n ≡ 11 (mod 24): 00 following 2−2, and 0n following −2−2, with 0n+1 following 3−1.
Proof. (i) The sequence is
(n − 8)/3 · · · (2n − 4)/3
and it contains, in positions depending on the value of n,
. . . (n + 3)/4 [0] (n + 3)/2 . . . ,
. . . (3n − 3)/4 [n] (n − 3)/2 . . . ,
. . . (n + 1)/3 [n + 1] (2n + 2)/3 . . . .
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Themissing differences are (2n−4)/3−(n−8)/3=(n+4)/3, (n+3)/4 (twice) and (n+1)/3, with barrier differences
(n + 3)/4, (n + 1)/2, (n + 3)/4, (n + 1)/2, (n + 4)/3 and (n + 1)/3.
(ii) Similar to the proof for (i). 
Example 2.8. For n = 11, Theorem 2.8 produces the following Z13 terrace:
1 2 4 [12] 8 [11] 5 10 9 7 3 [0] 6.
3. Prime n with ordn(2) = (n − 1)/2
When 2 is not a primitive root of the prime n, the set Zn\{0} can be expressed as the union of certain multiples of
〈2〉. We then have more than one power sequence, and when they are ﬁtted together they create more barrier differences
and cause more missing differences at the ends of segments. We ﬁrst consider the case when ordn(2) = (n − 1)/2. In
this case 2 must be a square in Zn, so n ≡ 1 or 7 (mod 8), and the squares in Zn are precisely the powers of 2. We
obtain terraces for all such n. We ﬁrst consider n ≡ 7 (mod 8), for which −1 is not a square in Zn, i.e. −1 is not in 〈2〉.
Theorem 3.1. Let n be a prime, n ≡ 7 (mod 8), such that ordn(2)=(n−1)/2. Then the following sequences, evaluated
as described in Section 1, are narcissistic terraces for Zn+2:
(i)
0n | − 2−2 − 2−3 · · · − 2−1 | 0n+1 | 2−1 20 · · · 2−2 | 00;
(ii)
−2−2 [0n] − 2−3 · · · − 2−1 | 0n+1 | 2−1 20 · · · 2−3 [00] 2−2.
Proof. (i) The sequence is
n | (3n − 1)/4 · · · (n − 1)/2 | n + 1 | (n + 1)/2 · · · (n + 1)/4 | 0.
The missing differences are (n + 1)/4 (twice), with barrier differences (n + 1)/4 (twice) and (n + 1)/2 (twice).
(ii) Similar to the proof for (i). 
Example 3.1. By taking n = 7, the following Z9 terraces come from the respective constructions in Theorem 3.1:
(i)
7 | 5 6 3 | 8 | 4 1 2 | 0;
(ii)
5 [7] 6 3 | 8 | 4 1 [0] 2.
Theorem 3.2. Let n be a prime, n ≡ 7 (mod 24), such that ordn(2)=(n−1)/2.Then the following sequence, evaluated
as described in Section 1, is a half-and-half terrace for Zn+2:
0n+1 | 2−1 20 · · · 2−2 | 00 | 3 · 2−1 3 · 20 · · · 3 · 2−2 | 0n.
Proof. As n ≡ 7 (mod 12), 3 is not a square in Zn, so 3 /∈ 〈2〉. The sequence is
n + 1 | (n + 1)/2 · · · (n + 1)/4 | 0 | (n + 3)/2 · · · (3n + 3)/4 | n,
which has missing differences (n + 1)/4 and (n − 3)/4, with the barrier differences are (n + 1)/2, (n + 1)/4,
n + 2 − (n + 3)/2 = (n + 1)/2 and (n − 3)/4. 
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Example 3.2. For n = 7, Theorem 3.2 produces the following Z9 terrace:
8 | 4 1 2 | 0 | 5 3 6 | 7.
We now consider n ≡ 1 (mod 8). Here −1 ∈ 〈2〉 in Zn.
Theorem 3.3. Let n be a prime, n ≡ 1 (mod 8), such that ordn(2) = (n − 1)/2. Let c be any integer satisfying c /∈ 〈2〉
and 0<c< (n − 1)/2. Then the following sequence, evaluated as described in Section 1, is a narcissistic terrace for
Zn+2:
: 21c 22c · · · − 20c : | 0n | : 2−2 2−3 · · · − 2−1 : ‖ 0n+1 ‖ image.
Proof. The sequence is
2c · · · n − c | n | (3n + 1)/4 · · · (n − 1)/2 ‖ n + 1 ‖ image.
The missing differences are c (twice) and (n − 1)/4 (twice), and these are compensated for by barrier differences as
required. 
Example 3.3. With n = 17 and c = 3. Theorem 3.3 produces the following Z19 terrace:
: 6 12 7 14 : | 17 | : 13 15 16 8 : | 18 | : 9 1 2 4 : | 0 | : 3 10 5 11 : .
Theorem 3.4. Let n be a prime, n ≡ 17 (mod 24), such that ordn(2) = (n − 1)/2. Then the following sequences,
evaluated as described in Section 1, are half-and-half terraces for Zn+2:
(i)
3−1 · 20 3−1 · 2−1 · · · − 3 · 2−1 [0n] − 3 · 2−2 · · · 3−1 · 21 | 0n+1 | − 2−1 − 20 · · · − 2−2 | 00;
(ii)
0n+1 | − 2−1 − 20 · · · − 2−2 | 00 | 20c 2−1c · · · − 3 · 2−1 [0n] − 3 · 2−2 · · · 21c,
where c is any integer satisfying c /∈ 〈2〉 and 0<c< (n − 3)/2.
Proof. As n ≡ 5 (mod 12), 3 is not a square in Zn, so 3 /∈ 〈2〉.
(i) The sequence is
(n + 1)/3 · · · (n − 3)/2 [n] (3n − 3)/4 · · · (2n + 2)/3 | n + 1 | (n − 1)/2 · · · (n − 1)/4 | 0,
and the differences are easily checked.
(ii) As c /∈ 〈2〉, we have c ∈ 3〈2〉. The sequence is
n + 1 | (n − 1)/2 · · · (n − 1)/4 | 0 | c · · · (n − 3)/2 [n] (3n − 3)/4 · · · 2c
and again the differences are easily checked. 
Example 3.4. The following Z19 terraces come from the respective constructions in Theorem 3.4 by taking n = 17:
(i)
6 3 10 5 11 14 7 [17] 12 | 18 | 8 16 15 13 9 1 2 4 | 0;
(ii) (with c = 3)
18 | 8 16 15 13 9 1 2 4 | 0 | 3 10 5 11 14 7 [17] 12 6.
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Theorem 3.5. Let n be a prime, n ≡ 17 or 41 (mod 72), such that ordn(2)= (n− 1)/2. Then the following sequences,
evaluated as described in Section 1, are terraces for Zn+2:
(i)
0n+1 | 3−1 · 21 3−1 · 22 · · · 3−1 · 20 | 3−2 · 21 3−2 · 22 · · · 3−2 · 20
with intercalates in the second segment as follows: 00 following 3 · 2−2, and 0n following −3 · 2−2.
(ii)
−3−2 · 23 − 3−2 · 22 · · · − 3−2 · 24 | − 3−1 · 23 − 3−1 · 24 · · · − 3−1 · 22,
with intercalates in the second segment as follows: 00 following 3 · 2−2, and 0n following −3 · 2−2, with 0n+1
following 3−1.
Proof. We have Zn\{0} = 〈2〉 ∪ 3〈2〉= 3−2〈2〉 ∪ 3−1〈2〉, and 3 ∈ 3−1〈2〉.
First consider n ≡ 17 (mod 72), so that n ≡ 8 (mod 9). In (i) we have
n + 1 | (2n + 2)/3 · · · (n + 1)/3 | (2n + 2)/9 · · · (n + 1)/9,
containing
(n + 3)/4 [0] (n + 3)/2
and
(3n − 3)/4 [n] (n − 3)/2.
The missing differences are (n + 1)/3, (n + 1)/9, (n + 3)/4 and (3n − 3)/4 − (n − 3)/2 = (n + 3)/4, with barrier
differences (n + 1)/3, (n + 1)/9, (n + 3)/4, (n + 1)/2, (n + 3)/4 and (n + 1)/2.
A similar argument holds for (ii), and for both (i) and (ii) with n ≡ 41 (mod 72). 
Note 3.5. If we try the Theorem 3.5 constructions for n ≡ 65 (mod 72) we ﬁnd that the missing differences and the
barrier differences fail to match. In (i), the ﬁnal segment is then
(8n + 2)/9 · · · (4n + 1)/9,
giving a missing difference of (4n + 1)/9, whereas the ﬁnal barrier difference turns out as (n + 2 − (8n + 2)/9) +
(n + 1)/3 = (4n + 19)/9. A similar failure occurs in (ii). Thus, Theorem 3.5 does not apply to n = 137, 569 and 857.
Example 3.5. The following Z19 terraces come from the respective constructions in Theorem 3.5 by taking n = 17:
(i)
18 | 12 [17] 7 14 11 5 [0] 10 3 6 | 4 8 16 15 13 9 1 2;
(ii)
1 9 13 15 16 8 4 2 | 3 6 [18] 12 [17] 7 4 11 5 [0] 10.
4. Prime n with ordn(2) = (n − 1)/3
Here, 2 is not a square in Zn, so n ≡ 3 or 5 (mod 8). As we also have n ≡ 1 (mod 3), we are restricted to n ≡ 13 or
19 (mod 24). Importantly, as n ≡ 1 (mod 6), the value ordn(2) = (n − 1)/3 is even, so that −1 ∈ 〈2〉.
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Theorem 4.1. Let n be a prime, n ≡ 13 or 37 (mod 72), such that ordn(2) = (n − 1)/3 and Zn\{0} = 〈2, 3〉. Then the
following sequences, evaluated as described in Section 1, are terraces for Zn+2:
(i) (narcissistic)
: 3−2 · 20 3−2 · 2−1 · · · − 3−2 · 21 : | : −3−1 · 20 − 3−1 · 2−1 · · · 3−1 · 21 : |
: 20 21 · · · − 2−2 [00] − 2−1 : ‖ 0n+1 ‖ image;
(ii)
3−2 · 20 3−2 · 2−1 · · · − 3−1 · 2−1 [0n] − 31 · 2−2 · · · 3−2 · 21 |
3−1 · 20 3−1 · 2−1 · · · 3−1 · 21 : | 20 21 · · · − 2−2 [00] − 2−1 · · · 2−1 | 0n+1.
Proof. (i) If n ≡ 13 (mod 72), the sequence is
: (2n + 1)/9 · · · (5n − 2)/9 : | : (n − 1)/3 · · · (n + 2)/3 : |
: 1 · · · (n − 1)/4 [0] (n − 1)/2 : ‖ n + 1 ‖ image.
The missing differences are (2n+1)/9, (n−1)/3, (n−1)/2 and (n−1)/4 (twice), with barrier differences (2n+1)/9,
(n − 1)/3, (n − 1)/4, (n − 1)/2 and (n + 1)/2 (twice).
If n ≡ 37 (mod 72), the sequence is
: (8n + 1)/9 · · · (2n − 2)/9 : | : (n − 1)/3 · · · (n + 2)/3 : |
: 1 · · · (n − 1)/4 [0] (n − 1)/2 : ‖ n + 1 ‖ image
and the differences are the same as before save that the ﬁrst missing difference and the ﬁrst barrier difference are both
(n − 1)/9.
(ii) The arguments are similar to those for (i). 
Note 4.1(a). If the Theorem 4.1 constructions are tried for n ≡ 61 (mod 72), the missing and barrier differences fail
to match. For example, the sequence in (i) then begins
: (5n + 1)/9 · · · (8n − 2)/9 : | : (n − 1)/3 · · · ,
so the ﬁrst missing difference and the ﬁrst barrier difference are not equal. So Theorem 4.1 does not apply to n = 277
or n = 997.
Note 4.1(b). In the range 2<n< 1000, the only n-values covered by Theorem 4.1 are 109, 157, 229 and 733.
Example 4.1. The following Z111 terraces come from the respective constructions in Theorem 4.1, by taking n=109:
(i) (narcissistic)
: 97 103 · · · 24 : | : 36 18 · · · 37 : | : 1 2 · · · 27 [0] 54 : ‖ 110 ‖ image;
(ii)
97 103 106 53 [109] 81 · · · 85 | 73 91 · · · 37 | 1 2 · · · 27 [0] 54 · · · 55 | 110.
Theorem 4.2. Let n be a prime, n ≡ 19 (mod 24), such that ordn(2) = (n − 1)/3 and Zn\{0} = 〈2, 7〉. Then the
following sequences, evaluated as described in Section 1, are terraces for Zn+2:
(i) (narcissistic)
: −72 · 21 − 72 · 22 · · · 72 · 20 : | 00 | : −7 · 2−2 − 7 · 2−3 · · · 7 · 2−1 : |
: 20 21 · · · − 2−1 : ‖ 0n+1 ‖ image;
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(ii)
− 72 · 21 − 72 · 22 · · · − 72 · 20 | 0n | 7 · 2−2 7 · 2−3 · · · 7 · 2−1 |
20 21 · · · 2−2 [00] 2−1 | 0n+1.
Proof. The construction can be checked directly for n = 43. So suppose now that n> 98. In (i) the sequence is
: n − 98 · · · 49 : | 0 | : (n − 7)/4 · · · (n + 7)/2 : | : 1 · · · (n − 1)/2 : ‖ n + 1 ‖ image
and in (ii) the sequence is
n − 98 · · · n − 49 | n | (3n + 7)/4 · · · (n + 7)/2 |1 · · · (n + 1)/4 [0] (n + 1)/2 | n + 1.
In both of these sequences the missing differences are matched by barrier differences as required. 
Note 4.2. In the range 2<n< 1000, the only n-values covered by Theorem 4.2 are 43, 283, 307, 499, 643, 691 and
739. The value n = 811 fails as 7 ∈ 〈2〉 in Z811.
Example 4.2. The following Z45 terraces come from the respective constructions in Theorem 4.2, by taking n = 43:
(i) (narcissistic)
: 31 19 · · · 6 : | 0 | : 9 26 · · · 25 : | : 1 2 · · · 21 : ‖ 44 ‖ image;
(ii)
31 19 · · · 37 | 43 | 34 17 · · · 25 | 1 2 · · · 11 [0] 22 | 44.
Theorem 4.3. Let n be a prime, n ≡ 13 (mod 24), such that ordn(2) = (n − 1)/3 and Zn\{0} = 〈2, 7〉. Then the
following sequence, evaluated as described in Section 1, is a narcissistic terrace for Zn+2:
: 72 · 21 72 · 22 · · · − 72 · 20 : | 0n | : −7 · 2−2 − 7 · 2−3 · · · 7 · 2−1 : |
: 20 21 · · · − 2−1 : ‖ 0n+1 ‖ image.
Proof. Similar to that of Theorem 4.2. 
Note 4.3. In the range 2<n< 1000, the only n-values covered by Theorem 4.3 are 109, 229, 277, 733 and 997.
Example 4.3. For n = 109, Theorem 4.3 produces the narcissistic Z111 terrace
: 98 87 · · · 60 : | 109 | : 80 40 · · · 58 : | : 1 2 · · · 54 : ‖ 110 ‖ image.
5. Prime n with ordn(2) = (n − 1)/k, k > 1
We now present further constructions that are applicable when 2 is not a primitive root of the prime n. Many of these
constructions involve the requirement that segments start with an odd number. There are two reasons for this. The ﬁrst
is that, ifm is odd, thenm/2 takes the value (m+n)/2, which is greater than n/2 when evaluated modulo n. The second
will become clear in the proof of Theorem 5.1, when the condition guarantees that barrier differences compensate for
the missing differences. This “oddness” condition is discussed further in [10, Note 2.7(b), etc.].
Theorem 5.1. Let n be a prime such that ordn(2) = (n − 1)/2h where h> 1 and ordn(2) is odd. Suppose that
Zn\{0} = 〈2, 3〉 ∪ −〈2, 3〉 or Zn\{0} = 〈2, 3〉 according as 3 is or is not a square in Zn. Suppose further that there
exists an integer c from ±3〈2〉 such that the integers 3ic (i = 0, 1, . . . , h − 2) are all odd when evaluated modulo n so
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as to lie in the interval (0, n). Write = ±1 according as n ≡ ±1 (mod 4). Then the following sequence, evaluated as
described in Section 1, is a narcissistic terrace for Zn+2:
30c 2← | 31c 2← | · · · | 3h−3c 2← | 3h−2c 2→ | 0n | 2−2 2← ‖ 0n+1 ‖ image.
Proof. As ordn(2) is odd, 2 is a square inZn and so we have n ≡ 1 or 7 (mod 8). LetH =〈2〉∪〈c〉∪3〈c〉∪· · ·∪3h−2〈c〉;
then Zn\{0} = H ∪ −H .
Each segment to the left of 3h−2c in the sequence is of the form x · · · 2x | 3x. For each of these segments we check
that the missing difference is equal to the following barrier difference. If x <n/3 then clearly the missing and barrier
differences are both x. If we had n/3<x < 2n/3 the value of 3x would be 3x − n which is even, so this case does
not arise. If 2n/3<x <n then 2x and 3x take the respective values 2x − n and 3x − 2n, so the barrier difference is
2x − n − (3x − 2n) = n − x, while the missing difference is x − (2x − n) = n − x also.
The segment 3h−2c · · · 2−1(3h−2c+n) has missing difference 2−1(n−3h−2c), and the following barrier difference
is n − 2−1(3h−2c + n) = 2−1(n − 3h−2c).
Finally, ifn ≡ 1 (mod 8), the sequence thenhasn | (3n+1)/4 · · · (n+1)/2‖ n+1,withmissingdifference (n−1)/4
and barrier differences (n−1)/4 and (n+1)/2; likewise ifn ≡ 7 (mod 8), we haven | (3n−1)/4 · · · (n−1)/2 ‖ n+1,
with missing difference (n + 1)/4 and barrier differences (n + 1)/4 and (n + 1)/2. 
Note 5.1. In the range 2<n< 1000, the coverage of Theorem 5.1 is as follows:
n h ordn(2) n ≡ ±? (mod 12) Can we take c = 3?
31 3 5 5 Yes
89 4 11 5 Yes
127 9 7 5 Nob
151 5 15 5 Yes
223 3 37 5 Yes
233 4 29 5 Yes
631 7 45 5 Noa
881 8 55 5 Yes
911 5 91 1 Yes
aNo c-value exists.
bMay take c = 53, 141, 157, 193, 583 or 625.
Example 5.1. For (n, h) = (31, 3), the possible c-values for Theorem 5.1 are c = 3, 7 and 25. Use of c = 3 produces
the narcissistic Z33 terrace
3 17 24 12 6 | 9 18 5 10 20 | 31 | 23 27 29 30 15 ‖ 32 ‖ image.
Theorem 5.2. Let n be a prime,n ≡ 3 (mod 8), such that ordn(2)=(n−1)/k where k > 1 and such thatZn\{0}=〈2, 3〉.
Suppose that there exists an integer c from 3〈2〉 such that the integers 3ic (i=0, 1, . . . , k−2) are all odd when evaluated
modulo n so as to lie in the interval (0, n). Then the following sequences, evaluated as described in Section 1, are
terraces for Zn+2:
(i) (narcissistic)
: (−1)k−1 · 30c 2← : | : (−1)k−2 · 31c 2← : | · · · | : (−1)2 · 3k−3c 2← : |
: (−1)1 · 3k−2c 2→ : | 0n | : −2−2 2← : ‖ 0n+1 ‖ image;
(ii)
30c 2← | 31c 2← | · · · | 3k−3c 2← |
3k−2c 2→ | 0n | − 2−2 − 2−3 · · · 2−1 [00] 2−2 · · · − 2−1 | 0n+1.
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Proof. As n ≡ 3 (mod 8), the element 2 is not a square in Zn; thus ordn(2) is even and k is odd. As ordn(2) is even,
−1 ∈ 〈2〉.
(i) The proof is similar to that of Theorem 5.1.
(ii) The segments to the left of 0n are dealt with as in Theorem 5.1. The rest of the sequence is
n | (3n − 1)/4 · · · (n + 1)/2 [0] (n + 1)/4 · · · (n − 1)/2 | n + 1,
which has barrier differences (n + 1)/4, (n + 1)/2, (n + 1)/4 and (n + 1)/2, whilst the missing differences are
both (n + 1)/4. 
Note 5.2. In the range 2<n< 1000, the coverage of Theorem 5.2 is as follows:
n k ordn(2) Can we take c = 3?
43 3 14 Yes
251 5 50 Yes
283 3 94 Yes
331 11 30 Noa
571 5 114 Yes
683 31 22 Noa
691 3 230 Yes
739 3 246 Yes
811 3 270 Yes
971 5 194 Yes
aNo c-value exists.
Of the two n-values for which no c-value exists, the value n = 683 is noteworthy for having ordn(2) × ordn(3)
=22 × 31 = 682 = n − 1.
Example 5.2. For (n, k) = (43, 3), the possible c-values for Theorem 5.2 are c = 3, 5, 31, 33 and 37. Use of c = 3
produces Z45 terraces as follows:
(i) (narcissistic)
: 3 23 · · · 37 : | : 34 25 · · · 26 : | 43 | : 32 16 · · · 22 : ‖ 44 ‖ image;
(ii)
3 23 · · · 6 | 9 18 · · · 26 | 43 | 32 16 · · · 22 [0] 11 · · · 21 | 44.
Theorem 5.3. Let n be a prime, n ≡ 1 (mod 4), such that ordn(2) is even and of the form (n − 1)/k where k > 2, and
such that Zn\{0} = 〈2, 3〉. Suppose that there exists an integer c from 3〈2〉 such the integers 3ic (i = 0, 1, . . . , k − 2)
are all odd when evaluated modulo n so as to lie in (0, n). Then the following sequences, evaluated as described in
Section 1, are terraces for Zn+2:
(i) (narcissistic)
: (−1)k−1 · 30c 2← : | : (−1)k−2 · 31c 2← : | · · · | : (−1)2 · 3k−3c 2← : |
: (−1)1 · 3k−2c 2→ : | 0n | : 2−2 2← : ‖ 0n+1 ‖ image;
(ii)
20c 2−1c · · · 3 · 2−1 [00] 3 · 2−2 · · · 21c |
31c 2← | 32c 2← | · · · | 3k−3c 2← | 3k−2c 2→ | 0n | 2−2 2← | 0n+1.
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Proof. Similar to that of Theorem 5.2. 
Note 5.3. If k is even, 2 is a square in Zn and so 3 is a nonsquare, whence n ≡ 7 or 17 (mod 24); in conjunction with
n ≡ 1 (mod 4) this restricts us to n ≡ 17 (mod 24). If k is odd, 2 is a nonsquare in Zn, whence n ≡ 3 or 5 (mod 8);
so we are restricted to n ≡ 5 (mod 8). Thus Theorem 5.3 applies only when n ≡ 5, 13 or 17 (mod 24). In the range
2<n< 1000, the coverage of Theorem 5.3 is as follows, where the smallest value with n ≡ 5 (mod 24) is also included:
n k ordn(2) n ≡? (mod 24) Can we take c = 3?
109 3 36 13 Yes
113 4 28 17 Yes
157 3 52 13 Yes
229 3 76 13 Yes
257 16 16 17 Noa
277 3 92 13 Yes
281 4 70 17 Yes
353 4 88 17 Yes
397 9 44 13 Nob
593 4 148 17 Yes
617 4 154 17 Yes
641 10 64 17 Noa
733 3 244 13 Yes
953 14 68 17 Noa
1013 11 92 5 Noa
1181 5 236 5 Yes
aNo c-value exists.
bCan take c = 93 only.
Example 5.3. For (n, k) = (109, 3), the 13 possible c-values for Theorem 5.3 are c = 3, 5, 7, 13, 29, 81, 83, 85, 89,
95, 97, 99 and 103. Use of c = 3 produces Z111 terraces as follows:
(i) (narcissistic)
: 3 56 · · · 103 : | : 100 91 · · · 59 : | 109 | : 82 41 · · · 54 : ‖ 110 ‖ image;
(ii)
3 56 [0] 28 · · · 6 | 9 18 · · · 59 | 109 | 82 41 · · · 55 | 110.
Theorem 5.4. Let n be a prime such that ordn(2)= (n−1)/k where k > 1 and ordn(2) is even. Suppose that Zn\{0}=⋃k
i=1 ci〈2〉, where the integers ci are given by ci = 3i − 2 (i = 1, 2, . . . , k) and where ck <n. As in Theorem 2.6, let
(, ) = (00, 0n) or (0n, 00) according as n ≡ ±1 (mod 4). Then the following sequence, evaluated as described in
Section 1, is a narcissistic terrace for Zn+2:
 | : (−1)k−1 · 2−2ck 2← : | : (−1)k−2 · 20ck−1 2→ : |
: (−1)k−3 · 20ck−2 2→ : | · · · | : 20c1 2→ : ‖ 0n+1 ‖ image, with  in place of .
Proof. If k is even then n ≡ 1 (mod 4) and ck ≡ 3 (mod 4); thus (−1)k−12−2ck = (3n − ck)/4>n/2, as required for
the ﬁrst barrier difference. If k is odd then ck ≡ 1 (mod 4), and (−1)k−12−2ck takes the value (3n + ck)/4>n/2 if
n ≡ 1 (mod 4) or the value (n + ck)/4<n/2 if n ≡ 3 (mod 4), and again these results are consistent with the value of
. At each segment after the ﬁrst we have
(−1)i(n + ci)/2 | (−1)ici−1 · · · (−1)i(n − ci−1)/2.
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Now (n + ci)/2 − ci−1 = 2−1(n + 3i · 2 − 2 · 3i−1 + 4) = 2−1(n + 3i−1 + 2)>n/2, so the barrier difference is
n + 2 − 2−1(n + 3i−1 + 2) =2−1(n − 3i−1 + 2) =2−1(n − ci−1), which is the missing difference.
The rest of the proof is straightforward. 
Note 5.4. In the range 2<n< 1000, Theorem 5.4 covers n-values as follows:
k = 2: n = 17, 41, 97, 313, 409, 521, 761, 769, 857 and 929.
k = 3: n = 109, 229, 277, 283 and 499.
k = 4: n = 577.
Example 5.4. For (n, k) = (17, 2), Theorem 5.4 produces a narcissistic Z19 terrace as follows:
17 | : 11 14 7 12 : | : 1 2 4 8 : ‖ 18 ‖ image.
If we now take stock of the n-values covered by our theorems so far, we ﬁnd that there are many gaps yet to be ﬁlled
in the range 2<n< 1000. This is the motivation for our more intricate Theorems 5.5 – 5.10, each of which covers at
least one n-value covered by no other theorem in our paper.
Theorem 5.5. Let n be a prime, n ≡ 7 (mod 24), such that ordn(2)= (n− 1)/6 and −3 ∈ 〈2〉. Suppose that Zn\{0}=
〈2〉 ∪ −〈2〉 ∪ c〈2〉 ∪ −c〈2〉 ∪ d〈2〉 ∪ −d〈2〉 for some odd integers c, d ∈ (0, (n − 1)/3). Then the following
sequence, evaluated as described in Section 1, is a terrace for Zn+2:
−20c 2← | − 3 · 20c 2→ | 00 | 2−2 2← | 0n+1 | − 2−1 2→ | 0n | 3 · 2−1d 2← | 21d 2→ .
Proof. As ordn(2) is odd we have −1 /∈ 〈2〉. The sequence is
n − c · · · n − 2c | n − 3c · · · (n − 3c)/2 | 0 | (n + 1)/4 · · · (n + 1)/2 |
n + 1 | (n − 1)/2 · · · (3n − 1)/4 | n | (n + 3d)/2 · · · 3d | 2d · · · d.
The differences are easily checked. 
Note 5.5. In the range 2<n< 1000, Theorem 5.5 covers only the values n = 439, 727 and 919, but we have no other
theorem to cover any of these values. For these three values we may, respectively, take (c, d) = (17, 11), (19, 5) and
again (19, 5).
Example 5.5. For n = 439, Theorem 5.5 with (c, d) = (17, 11) produces the Z441 terrace
422 211 · · · 405 | 388 337 · · · 194 | 0 | 110 55 · · · 220 | 440 |
219 438 · · · 329 | 439 | 236 118 · · · 33 | 22 44 · · · 11.
Theorem 5.6. Let n be a prime, n ≡ 1 (mod 24), such that ordn(2) = (n − 1)/2h where h> 1 and ordn(2) is even.
Suppose that 〈2, 3〉 contains one half of the elements of Zn\{0}, and that there exist integers c and d with c ∈ 3〈2〉 and
d /∈ 〈2, 3〉, such that 3ic and 3id (i = 0, 1, . . . , h − 2) are all odd when evaluated modulo n so as to lie in the interval
(0, n). Then the following sequence, evaluated as described in Section 1, is a terrace for Zn+2:
− 30c 2← | − 31c 2← | · · · | − 3h−3c 2← | − 3h−2c 2→ |
00 | : −2−2 2← : | 0n+1 | : −2−1 2→ : | 0n |
3h−1 · 2−1d 2← | 3h−2 · 21d 2→ | 3h−3 · 21d 2→ | · · · | 30 · 21d 2→ .
Proof. First we explain the congruence condition. As ordn(2) = (n − 1)/2h, the element 2 is a square, modulo n,
whence n ≡ 1 or 7 (mod 8). As (n − 1)/2h is even, we have n ≡ 1 (mod 4) and −1 ∈ 〈2〉. Thus n ≡ 1 (mod 8). Now
suppose that n ≡ 17 (mod 24), ordn(2)= (n− 1)/2h, and 〈2, 3〉 consists of half of the nonzero elements of Zn, so that
3h ∈ 〈2〉. Let  be a primitive root of n. As n ≡ 5 (mod 12), the element 3 is not a square, modulo n, and so 3 = 
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for some odd integer . Let 2 be the largest power of 2 dividing h; then 2 =  where , being a multiple of 2h, is
divisible by 2+1. But 3h = h where h is not divisible by 2+1, and so 3h cannot be a power of 2, which gives us a
contradiction.
The proof is similar to that of Theorem 5.1. At the start of the terrace the segments are of the form x · · · 2x | 3x,
and at the end they are of the form 3x | 2x · · · x. The central part of the terrace is
. . . | 0 | (n − 1)/4 · · · (n + 1)/2 | n + 1 | (n − 1)/2 · · · (3n + 1)/4 | n | · · · ,
which has missing differences (n − 1)/4 (twice) whilst the barrier differences are (n − 1)/4 (twice) and (n + 1)/2
(twice). 
Note 5.6. In the range 2<n< 1000,Theorem5.6 provides terraces for (n, h)=(241, 5), (433, 3), (457, 3) and (673, 7),
with possible values of (c, d) being, respectively, (3, 7), (3, 7) again, (3, 5) and (23, 17). We have no other theorem
that covers any of these n-values. The smallest n-value with h even is 1033, for which h= 2 and for which we can take
(c, d) = (3, 17).
Example 5.6. For (n, h) = (241, 5), Theorem 5.6 with (c, d) = (3, 7) gives the Z243 terrace
238 119 · · · 235 | 232 116 · · · 223 | 214 107 · · · 187 | 160 79 · · · 80 |
0 | : 60 30 · · · 121 : | 242 | : 120 240 · · · 181 : | 241 |
163 202 · · · 85 | 137 33 · · · 189 | 126 11 · · · 63 |
42 84 · · · 21 | 14 28 · · · 7.
Theorem 5.7. Let n be a prime, n ≡ 17 (mod 24), such that ordn(2) = (n − 1)/2h where h> 1 and ordn(2) is even.
Suppose that 〈2, 3〉 =Zn\{0} and that there exist integers c and d with c ∈ 3〈2〉 or 3h+1〈2〉, and d ∈ 3h〈2〉 or 3〈2〉,
respectively, such that the integers 3ic and 3id (i = 0, 1, . . . , h − 2) are all odd when evaluated modulo n so as to lie
in the interval (0, n). Then the sequence given in Theorem 5.6 is, when evaluated as described in Section 1, a terrace
for Zn+2.
Proof. We ﬁrst explain the congruence condition. The element 2 is a square, modulo n, so n ≡ 1 or 7 (mod 8). But 3
cannot be a square as, otherwise, 〈2, 3〉 would consist only of squares. Thus n ≡ 5 or 7 (mod 12). As (n − 1)/2h is
even, n ≡ 1 (mod 4). Thus n ≡ 1 (mod 8) and n ≡ 5 (mod 12), whence n ≡ 17 (mod 24).
The proof is similar to that for Theorem 5.6. 
Note 5.7. In the range 2<n< 1000, Theorem 5.7 provides terraces for (n, h)= (113, 2), (257, 8), (281, 2), (353, 2),
(593, 2), (617, 2), (641, 5) and (953, 7). For any value of n having h=2, many possible values of c and d are available.
For (n, h) = (257, 8), only (c, d) = (3, 197) is possible. For (n, h) = (641, 5) we may take (c, d) = (3, 21), and for
(n, h) = (953, 7) we may take (c, d) = (3, 707). We have no other theorem that covers n = 257, 641 or 953.
Example 5.7. For (n, h) = (113, 2), Theorem 5.7 with (c, d) = (3, 13) gives the Z115 terrace
110 107 · · · 55 | 0 | : 28 14 · · · 57 : | 114 | : 56 112 · · · 85 : |
113 | 76 38 · · · 39 | 26 52 · · · 13.
Theorem 5.8. Let n be a prime, n ≡ 3 (mod 8), with ordn(2)= (n− 1)/(2g + 1) for some positive integer g. Suppose
that 〈2, 3〉 =Zn\{0} and that there exist integers c and d with precisely one of them in 3〈2〉 and the other in 3g+1〈2〉,
such that the integers 3ic and 3id (i = 0, 1, . . . , g − 1) are all odd when evaluated modulo n so as to lie in the interval
(0, n). Then the following sequence, evaluated as described in Section 1, is a terrace for Zn+2:
− 30c 2← | − 31c 2← | · · · | − 3g−2c 2← | − 3g−1c 2→ |
00 | : 2−2 2← : | 0n+1 | : 2−1 2→ : | 0n |
3g−1 · 2−1d 2← | 3g−2 · 21d 2→ | 3g−3 · 21d 2→ | · · · | 30 · 21d 2→ .
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Proof. As ordn(2) is even, −1 ∈ 〈2〉.
The initial and end parts of the terrace are dealt with as in the proof of Theorem 5.6. But the central part of the terrace
is now
. . . | 0 | (n + 1)/4 · · · (n − 1)/2 | n + 1 | (n + 1)/2 · · · (3n − 1)/4 | n | · · ·
which has missing differences (n + 1)/4 (twice) whilst the barrier differences are (n + 1)/4 (twice) and (n + 1)/2
(twice).
The other conditions in the statement of the theorem can be satisﬁed when n ≡ 5 (mod 8), but then the central
missing and barrier differences fail to match up, as 2−2 then takes the value (3n + 1)/4. 
Note 5.8. In the range 2<n< 1000, Theorem 2.8 provides terraces for (n, g) = (43, 1), (251, 2), (283, 1), (331, 5),
(571, 2), (691, 1), (739, 1), (811, 1) and (971, 2). No values of c and d exist for (683, 15). We have no other theorem
that covers n = 331, so we select this value for the following example.
Example 5.8. For (n, g) = (331, 5), Theorem 5.8 with (c, d) = (3, 33) gives the Z333 terrace
328 · · · 325 | 322 · · · 313 | 304 · · · 277 | 250 · · · 169 | 88 · · · 44 |
0 | : 83 · · · 165 : | 332 | : 166 · · · 248 : | 331 |
178 · · · 25 | 127 · · · 229 | 263 · · · 297 | 198 · · · 99 | 66 · · · 33.
Theorem 5.9. Let n be a prime, n ≡ 9 (mod 16), such that ordn(2)= (n− 1)/8. Suppose that there exists an integer c
satisfying n/3<c<n/2 such that, if d = 3c − n − 2 and f = (n + 7)/4, the elements of 〈2〉, c〈2〉, d〈2〉 and f 〈2〉 are
all distinct and no two are negatives of one another, modulo n. Then the following sequence, evaluated as described in
Section 1, is a narcissistic terrace for Zn+2:
20c 2← | 20d 2→ | 00 | 20f 2← | 20 2→ ‖ 0n+1 ‖ image.
Proof. As n ≡ 9 (mod 16), the value of ordn(2) is odd, and so −1 /∈ 〈2〉. Also, as c is odd, d is even, and the sequence
is
c · · · 2c | d · · · d/2 | 0 | (n + 7)/4 · · · (n + 7)/2 | 1 · · · (n + 1)/2 ‖ n + 1 ‖ image.
Themissing and barrier differences are easily checked, oncewe note that the ﬁrst barrier difference isn+2−(2c−d)=c.

Note 5.9. In the range 2<n< 1000, the only n-values covered by Theorem 5.9 are 73, 89, 233 and 937, for which we
may, respectively, take c = 35, 37, 93 and 419. We have no other theorem that covers either 73 or 937.
Example 5.9. For n = 73, Theorem 5.9 with c = 35 gives the narcissistic Z75 terrace
35 54 · · · 70 | 30 60 · · · 15 | 0 | 20 10 · · · 40 | 1 2 · · · 37 ‖ 74 ‖ image.
Theorem 5.10. Let n be a prime, n ≡ 31 (mod 40), such that ordn(2) = (n − 1)/10. Suppose that there exists an
integer c satisfying n/3<c<n/2 such that, if d = 3c − n − 2, the elements of 〈2〉, 7〈2〉, 25〈2〉, c〈2〉 and d〈2〉 are all
distinct and no two are negatives of one another, modulo n. Then the following sequence, evaluated as described in
Section 1, is a narcissistic terrace for Zn+2:
20c 2← | 20d 2→ | 00 | 25 · 2−2 2← | 7 · 20 2→ | 20 2→ ‖ 0n+1 ‖ image.
Proof. ordn(2) is odd, so −1 /∈ 〈2〉. The proof is similar to that of Theorem 5.9. 
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Note 5.10. In the range 2<n< 1000, the only n-values covered by Theorem 5.10 are 151 and 431, for which we may,
respectively, take c = 67 and 151. We have no other theorem that covers n = 431.
Example 5.10. For n = 151, Theorem 5.10 with c = 67 gives the narcissistic Z153 terrace
67 109 · · · 134 | 48 96 · · · 24 | 0 | 44 22 · · · 88 | 7 14 · · · 79 | 1 2 · · · 76 ‖ 152 ‖ image.
6. Ad hoc constructions for n = 337
We have to give separate consideration to the prime n = 337, for which we have ordn(2) = 21 = (n − 1)/16 and
Zn\{0} = 〈2, 3〉 ∪ 5〈2, 3〉 where −1 ∈ 〈2, 3〉. Prima facie, any construction of a power-sequence terrace for Z339, with
calculations modulo 337, seems likely to be messy. The sequence
5 · 30 · 2−4 2← | 5 · 31 · 2−4 2← | 5 · 32 · 2−4 2← | 5 · 33 · 2−4 2← |
3−3 · 2−2 2← | 3−2 · 2−2 2← | 3−1 · 2−2 2← | 30 · 2−2 2→ | 337
has each missing difference compensated for at the following fence; also, its elements, along with their negatives
modulo 337 (with 0 regarded as the negative of 337), give us all the elements of Z339\{338}. But we have found no
way of using the above sequence to produce a terrace for Z339. Instead, we can merely offer the following two ad hoc
constructions which, when our usual rules of generation are followed, produce narcissistic terraces for Z339:
(i)
5 · 3−2 · 29 2→ | 5 · 3−3 · 29 2→ | 5 · 3−4 · 29 2→ | 31 · 2−7 2← | 32 · 2−7 2→ |
0337 | 5 · 3−1 · 2−2 2← | 3−1 · 20 2← | 30 · 20 2→ ‖ 0338 ‖ image;
(ii)
32 · 2−4 2← | − 5 · 30 · 2−4 2← | − 5 · 31 · 2−4 2← | − 5 · 32 · 2−4 2← | − 5 · 33 · 2−4 2→ |
0337 | − 31 · 211 2← | 33 · 29 2→ | 30 · 20 2→ ‖ 0338 ‖ image.
Evaluated, these are as follows, from which the missing and barrier differences may ready be checked:
(i)
247 2→ 292 | 307 2→ 322 | 327 2→ 332 | 287 2← 237 | 187 2→ 262 |
337 | 197 2← 57 | 225 2← 113 | 1 2→ 169 ‖ 338 ‖ image;
(ii)
148 2← 296 | 105 2← 210 | 315 2← 293 | 271 2← 205 | 139 2→ 238 |
337 | 259 2← 181 | 7 2→ 172 | 1 2→ 169 ‖ 338 ‖ image.
7. Summary table
For each value of n+ 2 where n is a prime in the range 2<n< 1000, Table 1 lists the theorems that provide terraces
for Zn+2, except that the listed reference is to Section 6 for n+ 2= 339, and our methodology provides no terraces for
n + 2 = 129, 603 and 685. Terraces for Z129 are obtained in [6, Section 2; 7, Theorem 2.7].
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Table 1
Summary of constructions for Zn+2 terraces, n prime, 2<n< 1000
n + 2 Theorems n + 2 Theorems n + 2 Theorems
5 2.1 283 5.3, 5.7 649 3.1
7 2.4 285 4.2, 5.2, 5.4, 5.8 655 2.4, 2.5, 2.8
9 3.1, 3.2 295 2.4, 2.5, 2.6, 2.8 661 2.1, 2.2, 2.3, 2.7, 2.8
13 2.1, 2.2, 2.3, 2.7, 2.8 309 4.2 663 2.4, 2.5
15 2.4, 2.5, 2.6 313 3.1 675 5.6
19 3.3, 3.4. 3.5, 5.4 315 3.3, 5.4 679 2.4, 2.5, 2.8
21 2.1, 2.2, 2.6 319 2.4, 2.5, 2.8 685 –
25 3.1 333 5.8 693 4.2, 5.2, 5.8
31 2.4, 2.5, 2.6, 2.8 339 Section 6 703 2.4, 2.5, 2.6, 2.8
33 5.1 349 2.1, 2.2, 2.3, 2.6, 2.8 711 2.4, 2.5, 2.6
39 2.4, 2.5 351 2.4, 2.5, 2.6 721 3.1
43 3.3, 3.4, 3.5, 5.4 355 5.3, 5.7 729 5.5
45 4.2, 5.2, 5.8 361 3.1 735 4.1, 4.3, 5.3
49 3.1 369 3.1, 3.2 741 4.2, 5.2, 5.8
55 2.4, 2.5, 2.6, 2.8 375 2.4, 2.5 745 3.1
61 2.1, 2,2, 2.3, 2.7, 2.8 381 2.1, 2.2, 2.6 753 3.1, 3.2
63 2.4, 2.5, 2.6 385 3.1 759 2.4, 2.5, 2.6
69 2.1, 2.2, 2.7 391 2.4, 2.5, 2.8 763 3.3, 3.4, 3.5, 5.4
73 3.1 399 5.3 771 3.3, 5.4
75 5.9 403 3.3, 3.4, 3.5 775 2.4, 2.5, 2.6, 2.8
81 3.1, 3.2 411 3.3, 5.4 789 2.1, 2.2, 2.7
85 2.1, 2.2, 2.3, 2.7, 2.8 421 2.1, 2.2, 2.3, 2.6, 2.8 799 2.4, 2.5, 2.8
91 5.1, 5.9 423 2.4, 2.5 811 3.3, 3.4, 3.5
99 3.3, 5.4 433 5.10 813 5.2, 5.8
103 2.4, 2.5, 2.8 435 5.6 823 2.4, 2.5, 2.6, 2.8
105 3.1, 3.2 441 5.5 825 3.1, 3.2
109 2.1, 2.2, 2.3, 2.7, 2.8 445 2.1, 2.2, 2.3, 2.7, 2.8 829 2.1, 2.2, 2.3, 2.7, 2.8
111 4.1, 4.3, 5.3, 5.4 451 3.3, 3.4, 3.5 831 2.4, 2.5
115 5.3, 5.7 459 5.6 841 3.1
129 – 463 2.4, 2.5, 2.8 855 2.4, 2.5, 2.6
133 2.1, 2.2, 2.3, 2.7, 2.8 465 3.1, 3.2 859 3.3, 3.4, 5.4
139 3.3, 3.4 469 2.1, 2.2, 2.3, 2.7, 2.8 861 2.1, 2.2, 2.6
141 2.1, 2.2, 2.6 481 3.1 865 3.1
151 2.4, 2.5, 2.6, 2.8 489 3.1, 3.2 879 2.4, 2.5, 2.6
153 5.1, 5.10 493 2.1, 2.2, 2.3, 2.6, 2.8 883 5.1
159 4.1, 5.3 501 4.2, 5.4 885 2.1, 2.2, 2.7
165 2.1, 2.2, 2.7 505 3.1 889 3.1
169 3.1 511 2.4, 2.5, 2.6, 2.8 909 2.1, 2.2, 2.7
175 2.4, 2.5, 2.6, 2.8 523 3.3, 3.4, 3.5, 5.4 913 5.1
181 2.1, 2.2, 2.3, 2.6, 2.8 525 2.1, 2.2, 2.7 921 5.5
183 2.4, 2.5, 2.6 543 2.4, 2.5, 2.6 931 3.3, 3.4, 5.4
193 3.1 549 2.1, 2.2, 2.7 939 5.9
195 3.3 559 2.4, 2.5, 2.6, 2.8 943 2.4, 2.5, 2.8
199 2.4, 2.5, 2.8 565 2.1, 2.2, 2.3, 2.7, 2.8 949 2.1, 2.2, 2.3, 2.7, 2.8
201 3.1, 3.2 571 3.3, 3.4 955 5.7
213 2.1, 2.2, 2.6 573 5.2, 5.8 969 3.1, 3.2
225 5.1 579 5.4 973 5.2, 5.8
229 2.1, 2.2, 2.3, 2.7, 2.8 589 2.1, 2.2, 2.3, 2.7, 2.8 979 3.3, 3.4, 3.5
231 4.1, 4.3, 5.3, 5.4 595 5.3, 5.7 985 3.1
235 5.1, 5.9 601 3.1 993 3.1, 3.2
241 3.1 603 – 999 4.3
243 5.6 609 3.1, 3.2
253 5.2, 5.8 615 2.4, 2.5, 2.6
259 5.7 619 5.3, 5.7
265 3.1 621 2.1, 2.2, 2.6
271 2.4, 2.5, 2.6, 2.8 633 5.1
273 3.1, 3.2 643 5.7
279 4.3, 5.3, 5.4 645 4.2
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